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Abstract
Let Γ = Cay(G,T ) be a Cayley digraph over a finite Abelian group G with respect
the generating set T 63 0. Γ has order ord(Γ) = |G| = n and degree deg(Γ) = |T | = d. Let
k(Γ) be the diameter of Γ and denote κ(d, n) = min{k(Γ) : ord(Γ) = n,deg(Γ) = d}.
We give a closed expression, `(d, n), of a tight lower bound of κ(d, n) by using the so
called solid density introduced by Fiduccia, Forcade and Zito.
A digraph Γ of degree d is called tight when k(Γ) = κ(d, |Γ|) = `(d, |Γ|) holds. Recently,
the Dilating Method has been developed to derive a sequence of digraphs of constant solid
density. In this work, we use this method to derive a sequence of tight digraphs {Γi}c(Γ)i=1
from a given tight digraph Γ. Moreover, we find a closed expression of the cardinality
c(Γ) of this sequence. It is perhaps surprising that c(Γ) depends only on n and d and not
on the structure of Γ.
Keywords: Cayley digraph, diameter, minimum distance diagram, Smith normal form, The
Dilating Method.
AMS subject classifications 05012, 05C25.
1 Introduction
Cayley digraphs Γ = Cay(G,T ) over finite Abelian groups G (with generating set T ) have
been used as a model of interconnection networks. Attention has been paid to their diameter
k(Γ) and its optimization with respect to the order ord(Γ) = |G| and degree deg(Γ) = |T |,
that is
κ(d, n) = min{k(Γ) : ord(Γ) = n, deg(Γ) = d}. (1)
In particular, it is worth studying a finite closed expression of a tight lower bound for the
values κ(d, n), denoted by `(d, n). Usually, the values κ(d, n) are obtained by computer search.
The more values shared by `(d, n) and κ(d, n), the better the expression `(d, n). As far as we
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know, `(d, n) is only known for d = 1 and d = 2, that is `(1, n) = n− 1 (a directed ring with
n nodes) and `(2, n) = d√3ne − 2 that was found using a geometrical approach [6, 10].
Fiduccia, Forcade and Zito in 1998 [5] defined the solid diameter of Γ as D = k + d, where
d = deg(Γ) and k = k(Γ). This is the diameter of a minimum distance diagram H (MDD
for short) related to Γ. These diagrams are used to study metric properties of Γ, mainly the
diameter. MDDs and their properties are discussed in the next section. The solid density of Γ
is defined to be the density of an MDD related to Γ, that is δ(Γ) = n
(k+d)d
whith n = ord(Γ).
In this work we show that solid density plays a main role in finding `(d, n). More precisely,
fixed d, the global solid density is defined by ∆d = sup{δ(Γ) : deg(Γ) = d}. We show
(Theorem 2) that `(d, n) =
⌈
d
√
n
∆d
⌉
− d.
For a fixed degree d, the tightness t(d,Γ) of a digraph Γ of degree d and order n is given
by t(d,Γ) = k(Γ) − `(d, n). A digraph Γ is called tight when t(d,Γ) = 0. Tightness related
results can help in the search for optimal diameter digraphs. Recently, a method [2] has been
proposed to obtain an infinite family of dense digraphs F = {Γm}m≥1 generated from an
initial dense digraph Γ1. The idea of the method is to take an MDD related to Γ1, H1, and
dilate it in a certain way. Then, the family of dilates of H1, {Hm}m≥1, is used to obtain a
family of dense digraphs F . The digraphs in F are called the dilates of Γ1. This method is
stated in Theorem 1.
In this work we study the dilates of a given digraph from the point of view of tightness. We
see that the diameter of the dilates of Γ1 worsens when t(d,Γ1) > 0 (Theorem 3). The case
of tight Γ1 is fully studied and gives two different cases:
(a) All the infinite dilates of Γ1 are tight. Tight digraphs Γ1 with this property are charac-
terized (Theorem 4).
(b) Γ1 is tight and only a finite number, c(Γ1), of (consecutive) dilates of Γ1 are tight.
The expression of c(Γ1) is found in terms of the order n = ord(Γ1) and the degree
d = deg(Γ1) (Theorem 5).
Section 2 is devoted to notation and known results. New results for general degree d are
given in Section 3. New complementary results for degrees d = 2 and d = 3 are included in
Section 4.
2 Notation and known results
Consider a finite Abelian group of order n, G = Zs1 ⊕· · ·⊕Zsd with n = s1 · · · sd and s1 | s2 |
· · · | sd, and a generating set T = {g1, . . . , gd} ⊂ G. Sometimes the notation G = 〈g1, . . . , gd〉
is used. The Cayley digraph of G with respect to T is denoted by Γ = Cay(G,T ). It has the
set of vertices V (Γ) = G and the set of arcs A(Γ) = {g → g + t : g ∈ G, t ∈ T} and it is
strongly connected. The degree and diameter of Γ are denoted by deg(Γ) = d and k(Γ).
An isomorphism of digraphs ψ : D1(V1, A1) −→ D2(V2, A2) is a bijection on the set of vertices
ψ : V1 → V2 that preserves arcs, i.e. v1 → v2 belong to A1 iff ψ(v1) → ψ(v2) belongs to A2.
An isomorphism between D1 and D2 is denoted by D1 ∼= D2.
2
Consider an integral matrix M ∈ Zd×d with n = | detM |, with Smith normal form decom-
position S = diag(s1, . . . , sd) = UMV , for unimodular matrices U ,V ∈ Zd×d. Let us denote
the Abelian group GM = Zd/MZd, with the equivalence relation a ∼ b whenever there is
some λ ∈ Zd with a− b = Mλ. It is well known that
Cay(GM , Ed) ∼= Cay(Zs1 ⊕ · · · ⊕ Zsd , {u1, . . . ,ud}), (2)
where Ed = {e1, . . . , ed} is the canonical basis of Zd and ui = Uei for 1 ≤ i ≤ d.
Let be [r, s) = {x ∈ R : r ≤ x < s}. Given a = (a1, . . . , ad) ∈ Zd, we denote the unitary
cube [[a]] = [[a1 . . . , ad]] = [a1, a1 + 1] × · · · × [ad, ad + 1] ⊂ Rd. The cube [[a]] represents the
vertex (a1, . . . , ad) in Zs1 ⊕ · · · ⊕ Zsd . We denote [[a]] ∼ [[b]] whenever a ∼ b and [[a]] 6∼ [[b]]
otherwise. This equivalence is sometimes denoted as a ≡ b(mod M). For a given pair
a, b ∈ Zd, we write a ≤ b when the inequality ai ≤ bi holds for each coordinate 1 ≤ i ≤ d.
Let N denote the set of nonnegative integers. Given a ∈ Nd, consider the set of unitary cubes
∇(a) = {[[b]] : 0 ≤ b ≤ a}. Given x ∈ Zd, let us consider the `1 norm ‖x‖1 = |x1|+ · · ·+ |xd|.
Definition 1 (Minimum distance diagram) Given a finite Abelian group G = 〈g1, . . . , gd〉
of order n, consider the map φ : Nd −→ G given by φ(a) = a1g1 + · · · + adgd. A minimum
distance diagram (MDD), H, related to the Cayley digraph Γ = Cay(G, {g1, . . . , gd}) is a set
of n unitary cubes H = {[[a0]], . . . , [[an−1]]} such that
(i) {φ(a) : [[a]] ∈ H} = G,
(ii) [[a]] ∈ H ⇒ ∇(a) ⊂ H.
(iii) ‖a‖1 = min{‖x‖1 : x ∈ φ−1(φ(a))} for all [[a]] ∈ H.
The diameter of the minimum distance diagram H is defined as k(H) = max{‖a‖1 : [[a]] ∈
H}. It is well known that for the usual definition of the diameter k(Γ) of a Cayley digraph
Γ = Cay(G, 〈g1, . . . , gd〉), we have k(Γ) = k(H) − d for every MDD H related to Γ. When
G is a cylic group, Definition 1 is equivalent to [9, Definition 2.1] for multiloop networks.
It is also well known that H tessellates Rd by translation through d independent vectors
S = {m1, . . . ,md}. Let us assume that M is the d× d integral matrix of the column vectors
in S. Then, we have the isomorphisms
Γ ∼= Cay(GM , Ed) ∼= Cay(Zs1 ⊕ · · · ⊕ Zsd , {u1, . . . ,ud}),
where {u1, . . . ,ud} are the same column vectors of (2). These isomorphisms have already
been used in the literature, see for instance [4, 6].
Definition 2 (Properness) Consider a digraph Γ = Cay(G,T ) with G = Zs1 ⊕ · · · ⊕ Zsd.
The set T is a proper generating set when T = {u1, . . . ,ud}, the same set of vectors defined
by ui = Uei in (2).
Consider a group G = Zs1 ⊕ · · · ⊕ Zsd and denote tG = Zts1 ⊕ · · · ⊕ Ztsd . Let us assume that
T is a proper generating set of G. From the identity tS = U(tM)V , it follows that T is also
a (proper) generating set of tG.
Definition 3 (Dilates of MDDs) Given an MDD H related to Γ, the m–dilate of H, mH,
is defined by mH = {m[[a]] : [[a]] ∈ H}, where the m–dilate of the unitary cube [[a]] is
m[[a]] = {[[ma+ (α1, . . . , αd)]] : 0 ≤ α1, . . . , αd ≤ m− 1}.
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Let us assume that H is an MDD related to Γ = Cay(G,T ) where T is a proper generating set
of G. Then, it can be shown that the dilate tH is also an MDD related to tΓ = Cay(tG, T ).
See [1, 2] for more details. Figure 2 at page 11 shows an MDD H related to the digraph
Γ = Cay(Z16, {1, 4, 5}) ∼= Cay(Z1⊕Z1⊕Z16, {(0, 0, 1), (0, 1,−12), (1, 0,−11)}) and 2H related
to 2Γ ∼= Cay(Z2 ⊕ Z2 ⊕ Z32, {(0, 0, 1), (0, 1,−12), (1, 0,−11)}).
Theorem 1 (The Dilating Method [1, 2]) Consider a Cayley digraph of degree d,
Γ = Cay(Zs1 ⊕ · · · ⊕Zsd , T ) where T = {g1, . . . , gd} is a proper generating set. Then, for any
integer m ≥ 1,
(a) H is an MDD related to Γ ⇔ mH is an MDD related to mΓ.
(b) k(mΓ) = m(k(Γ) + d)− d.
This method will be referred to as TDM for short. TDM takes advantage of the geometric
nature of the minimum distance diagrams. Less is known of these diagrams for degree d ≥
3. For instance, a generic geometrical description of MDDs is not known for d ≥ 3. One
advantage of Theorem 1 is that we can work with the help of MDDs without knowing this
generic description. Another advantage is the use of the same generating set for all members
of the infinite family of digraphs {mΓ}m≥1. Indeed, this property comes from the properness
of T as generating set of the initial digraph Γ.
3 Main results for general degree
First result in this section is a closed tight lower bound `(d, n) for the optimal diameter κ(d, n)
introduced in Section 1. To this end, given a fixed degree d, consider the global solid density
∆d defined by
∆d = sup{δ(Γ) : d(Γ) = d}. (3)
Remark 1 This notion is well defined. Indeed, from [3, Theorem 9.1] there is some constant
c such that (for d > 1)
c
d(ln d)1+log2 e
kd
d!
+O(kd−1) ≤ N(d, k) <
(
d+ k
d
)
,
where N(d, k) = max{ord(Γ) : deg(Γ) = d,diam(Γ) = k}. Then, it follows that
δ(Γ) ≤ N(d, k)
(k + d)d
<
1
d!k!
< 1
and the set {δ(Γ) : d(Γ) = d} has a supremum ∆d.
We consider two types of degrees depending on the fact that ∆d is a global maximum or a
supremum only.
Definition 4 Consider a fixed degree d ≥ 1. The degree d is called closed when the supremum
∆d is a global maximum, otherwise it is called open degree.
For a fixed open degree d, there is no digraph of degree d, Γ, such that δ(Γ) = ∆d. In this
case it can be assumed the existence of a sequence of digraphs {Γk}∞k=1 of increasing orders
|Γk| = nk such that limk→∞ nk = ∞ and limk→∞ δ(Γk) = ∆d. Given a fixed degree d, being
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open or closed, consider a digraph Γ with deg(Γ) = d and ord(Γ) = n. Since δ(Γ) ≤ ∆d, the
inequality
k(Γ) ≥
⌈
d
√
n
∆d
⌉
− d
is always fulfilled. Thus,
κ(d, n) ≥
⌈
d
√
n
∆d
⌉
− d (4)
holds for each d and n.
Theorem 2 For a given fixed degree d we have
`(d, n) =
⌈
d
√
n
∆d
⌉
− d. (5)
Proof: Assume d is a closed degree. Assume Γ∗ is a digraph with deg(Γ∗) = d, ord(Γ∗) = n
and δ(Γ∗) = ∆d. Then, k(Γ∗) = d
√
n
∆d
− d holds. Since d
√
n
∆d
= k(Γ∗) + d ∈ N, identity
κ(d, n) =
⌈
d
√
n
∆d
⌉
− d also holds and the statement expression `(d, n) is a tight lower bound
for κ for this degree.
Assume now that d is an open degree. Now δ(Γ) < ∆d for all digraph Γ with deg(Γ) = d.
By definition of the supremum ∆d, for all ε > 0 there is some digraph Γ
∗ with deg(Γ∗) = d
such that 0 < ∆d − ε < δ(Γ∗) < ∆d. Assume ord(Γ∗) = n. From ∆d − ε < δ(Γ∗), it follows
that k(Γ∗) < d
√
n
∆d−ε − d. On the other hand, inequality d
√
n
∆d−ε − d < d
√
n
∆d
− d + 1 holds
whenever ε < ∆d − n(
1+ d
√
n
∆d
)d = αd,n. Then, choosing ε < min{∆d, αd,n}, we have
⌈
d
√
n
∆d
⌉
− d ≤ κ(d, n) ≤ k(Γ∗) < d
√
n
∆d
− d+ 1.
Therefore, identity κ(d, n) =
⌈
d
√
n
∆d
⌉
− d also holds and the statement expression `(d, n) is a
tight lower bound for open degrees also. 
From this last result, it is worth computing the value ∆d for each fixed degree d. As far as
we know, only ∆1 and ∆2 are known.
Remark 2 Since ∆1 = 1 (direct rings of diameter one unit less than the order) and ∆2 =
1
3
([5]), expression (5) generalizes those known sharp lower bounds for degrees d = 1 and d = 2,
that is `(1, n) = n− 1 and `(2, n) = d√3ne − 2 ([6, 10]).
Remark 3 Expression (5) also gives a tight upper bound N(d, k) for the order a Cayley
digraph Γ of a finite Abelian group can have
|Γ| ≤ N(d, k) =
⌊
∆d(k + d)
d
⌋
. (6)
Assume d is a fixed degree. Given a digraph Γ, with ord(Γ) = n and optimal diameter
k(Γ) = κ(d, n), can we decide this diameter is good enough? All what we can say is that
Γ does his best for this particular order value n. Expression `(d, n) allows us to expand the
local goodness for the diameter. This is the idea of tightness.
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Definition 5 The tightness of a digraph Γ of degree deg(Γ) = d, order ord(Γ) = n and
diameter k(Γ) is t(d,Γ) = k(Γ) − `(d, n). We say that Γ is t(d,Γ)–tight. Those 0–tight
digraphs are called tight ones.
For a closed degree d, digraphs reaching the maximum density ∆d have to be tight. Unfortu-
nately, being tight is not a sufficient condition for a digraph to attain ∆d. It is worth studying
the tightness of dilates generated by TDM with respect to the tightness of the initial digraph.
Theorem 3 Let Γ be a non-tight digraph of degree d. Let F = {mΓ : m ≥ 1} be the family
of dilates generated by TDM for the initial digraph Γ. Then, the tightness t(d,mΓ) worsens
as m grows.
Proof: Let us assume that Γ of order n and degree d is r-tight with r ≥ 1. Applying
Theorem 1-(b) to the dilate Γm = mΓ, we obtain k(mΓ) = m(k(Γ) + d)− d. Then,
k(mΓ) = m
(⌈
d
√
n
∆d
⌉
+ r
)
− d = m
⌈
d
√
n
∆d
⌉
− d+mr ≥
⌈
m d
√
n
∆d
⌉
− d+mr
=
 d
√
mdn
∆d
− d+mr = `(d, |mΓ|) +mr.
Therefore, it follows that t(d,mΓ) ≥ mr. 
As it is stated in Theorem 3, the dilating method has not to be used to obtain small diameter
digraphs when the initial digraph Γ is not tight. Let us study now the behaviour of the dilates
when the initial digraph Γ is tight. To this end, a characterization of tight dilates is needed.
Lemma 1 (Characterization of tight dilates) Given a fixed degree d, let us assume that
Γ is a tight digraph with deg(Γ) = d and ord(Γ) = n. Then, the dilate mΓ is tight iff⌈
m d
√
n
∆d
⌉
= m
⌈
d
√
n
∆d
⌉
holds.
Proof: Its is a direct consequence of the definition of tightness and Theorem 1-(b). 
Let us consider the set Cd defined by
Cd = {x ∈ R : ∆dxd ∈ N}. (7)
Let us define {x} = dxe − x.
Lemma 2 For a fixed degree d, let Γ be a digraph with deg(Γ) = d and ord(Γ) = n. The
identity
⌈
m d
√
n
∆d
⌉
= m
⌈
d
√
n
∆d
⌉
holds for all m ≥ 1 iff n = ∆dxd for some x ∈ Cd ∩ N.
Proof: Fixed x ∈ Cd ∩ N, assume n = ∆dxd. Thus d
√
n
∆d
= x ∈ N and so, the statement’s
identity holds for all m ≥ 1.
Assume now that m
⌈
d
√
n
∆d
⌉
=
⌈
m d
√
n
∆d
⌉
holds for all m ≥ 1. If n 6= ∆dxd for any x ∈ Cd∩N,
then d
√
n
∆d
= x /∈ N and 0 <
{
d
√
n
∆d
}
< 1 hold. So, there is some large enough m0 ∈ N such
that m0
{
d
√
n
∆d
}
> 1. Therefore, from m0
⌈
d
√
n
∆d
⌉
= m0 d
√
n
∆d
+m0
{
d
√
n
∆d
}
, it follows that
m0
⌈
d
√
n
∆d
⌉
>
⌈
m0 d
√
n
∆d
⌉
which makes a contradiction. 
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Theorem 4 Let Γ be a tight digraph of degree d and order n = ∆dx
d for some x ∈ Cd ∩ N.
Then, all the elements of the family F = {mΓ : m ≥ 1} generated by TDM are tight.
Proof: The statement follows from Lemma 1 and Lemma 2. 
Now it is worth studying those dilates that come from a tight digraph that not fulfills Theo-
rem 4. Numerical traces point to a finite number of tight dilates. A closed expression of this
number, the tightness coefficient, is found in the following theorem.
Theorem 5 (Tightness Coefficient) Let Γ be a tight digraph with deg(Γ) = d and ord(Γ) =
n 6= ∆dxd for all x ∈ Cd ∩ N. Then, the dilate mΓ is tight iff 1 ≤ m ≤ c(d, n), where c(d, n)
is the tightness coefficient of Γ given by
c(d, n) =
{
β(d, n)− 1 β(d, n) ∈ N,
bβ(d, n)c β(d, n) /∈ N, with β(d, n) =
1{
d
√
n
∆d
} .
Proof: When x /∈ N, two cases are considered:
(a) Assume β(d, n) /∈ N. Then, there is a unique m0 ∈ N such that 0 < m0 < β(d, n) <
m0 + 1. Thus, for all m ∈ N with 1m0 ≤ 1m , inequalities 0 <
{
d
√
n
∆d
}
< 1m hold.
Therefore,
0 < m
⌈
d
√
n
∆d
⌉
−m d
√
n
∆d
< 1 (8)
holds and so, we also have
⌈
m d
√
n
∆d
⌉
= m
⌈
d
√
n
∆d
⌉
. Then, by Lemma 1, the digraph
mΓ is tight for all 1 ≤ m ≤ m0 = bβ(d, n)c.
(b) Assume now β(c, n) = m1 ∈ N. Then,
1 = m1
{
d
√
n
∆d
}
⇔ m1
⌈
d
√
n
∆d
⌉
− 1 = m1 d
√
n
∆d
holds. Thus,
⌈
m1 d
√
n
∆d
⌉
< m1
⌈
d
√
n
∆d
⌉
also holds and m1Γ is not a tight digraph (notice
that m1 ≥ 2 as a consequence of the tightness of Γ). Taking m0 = m1 − 1 ≥ 1 and
1 ≤ m ≤ m0, we have 0 < m < m1 = β(d, n). Thus, condition (8) also holds for all
these values of m. Hence, by Lemma 1, mΓ is tight for all 1 ≤ m ≤ m0 = β(d, n)− 1.
Let us see now that the dilate mΓ is not tight for m > c(d, n) = m0. We have in both cases
(a) and (b) that, if m ≥ m0 + 1, inequalities m0 < β(c, n) ≤ m0 + 1 ≤ m hold. Then, it
follows that 1m ≤ 1m0+1 ≤
{
d
√
n
∆d
}
< 1m0 and so 1 ≤ m
⌈
d
√
n
∆d
⌉
−m d
√
n
∆d
holds. Thus, we
have
⌈
m d
√
n
∆d
⌉
< m
⌈
d
√
n
∆d
⌉
and the digraph mΓ is not tight for m ≥ m0 + 1. 
It is a surprising fact that, for a fixed degree d, the number of tight dilates of a given tight
digraph Γ depends only on n = ord(Γ) and not on the structure of Γ itself. See examples 1
and 2 in the next section.
The following result, only valid for closed degrees d, characterizes those orders of tight digraphs
with solid density attaining the global maximum ∆d.
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Theorem 6 Assume d is a closed degree. Take a digraph Γ with degree d and order n. Then,
δ(Γ) = ∆d ⇔ Γ is tight and n = ∆dxd for x ∈ Cd ∩ N. (9)
Proof: Assume δ(Γ) = ∆d. Then, k(Γ) = d
√
n
∆d
−d with d
√
n
∆d
= x ∈ N. Thus, k(Γ) = `(d, n)
holds and Γ is tight. Thus, n = ∆dx
d for x ∈ Cd ∩ N.
Assume now that Γ is tight and n = ∆dx
d for some x ∈ Cd ∩ N. From k(Γ) = `(d, n) =
dxe − d = x− d, it follows that δ(Γ) = ∆d. 
Remark 4 Fixed a closed degree d, consider the rational value ∆d =
sd
qd
with sd, qd ∈ N and
gcd(sd, qd) = 1. Assume qd = p
α1
1 · · · pαrr is the prime decomposition of qd with αi = aid + bi
for ai, bi ∈ N with ai ≥ 0 and 0 ≤ bi < d for all i = 1÷ r. Defining
βi =
{
ai if bi = 0,
ai + 1 if bi 6= 0,
for i = 1÷ r, the minimum value of x ∈ Cd ∩ N is xd = Πri=1pβii .
4 Some annotations for degrees two and three
Clearly, the degree d = 1 is a simple case. An optimal diameter digraph of order n is a
directed ring Γ of diameter k(Γ) = n−1 and density δ(Γ) = 1. Thus, κ(1, n) = `(1, n) = n−1
and d = 1 is a closed degree with ∆1 = 1. Notice that `(1, n) follows the generic expression
(5) for d = 1.
The degree d = 2 is also a closed degree. This result was stated by Forcade and Lamoreaux
in 2000 [7, Section 4] who proved that ∆2 =
1
3 using MDDs. Then, by Theorem 2, it follows
that `(2, n) = d√3n e−2. This result was pointed out by several authors [4, 6, 8, 10] who also
used MDDs. In this case, minimum distance diagrams are L-shapes (or rectangles). From
Remark 4 and t2 = 3, we know that the minimum order for a digraph of degree two to attain
∆2 is n = ∆2t
2
2 = 3. In fact, taking Υ2 = Cay(Z3, {2, 1}), we have k(Υ2) = 1 and the
maximum density is attained δ(Υ2) =
1
3 .
There are included here some results that complement those of Section 3. To this end, we
remember some known facts about L-shapes.
An L-shape H related to Γ = Cay(G, {a, b}) of order n = s1s2, s1 ≥ 1, with G = Zs1 ⊕ Zs2
and s1 | s2, is denoted by the lengths of its sides, H = L(l, h, w, y), with 0 ≤ w < l and
0 ≤ y < h (see Figure 1) and area n. Rectangles are particular cases of L-shapes, that is
w = 0 or y = 0. Let us denote gcd(H) = gcd(l, h, w, y), mH = L(ml,mh,mw,my) and
H/m = L(l/m, h/m,w/m, y/m) whenever m | gcd(H). Then, H is characterized by (see
8
lh w
y
v = (−w, h)
u = (l,−y)
Figure 1: Generic L-shape and the related tessellation
[4, 6] for more details)
n = lh− wy, (10)
s1 = gcd(H), (11)
la = yb in G, (12)
wa = hb in G, (13)
(l − y)(h− w) ≥ 0 and only one factor can vanish, (14)
and the solid diameter of H (in the sense of Fiduccia, Forcade and Zito [5]) is given by
D(H) = l + h−min{w, y} (15)
and the diameter of Γ is k(Γ) = D(H)−2. The L-shape H tessellates the plane by translation
through the vectors m1 = (l,−y) and m2 = (−w, h). Isomorphism (2) is given now using
the matrix M =
(
l −w
−y h
)
. For instance, the digraph Υ2 has related the L-shape H2 =
L(2, 2, 1, 1) and so, from the Smith normal form decomposition
diag(1, 3) =
(
0 1
1 −1
)(
2 −1
−1 2
)(
1 2
1 1
)
,
we have Υ2 ∼= Cay(Z1 ⊕ Z3, {(0, 1), (1,−1)}).
As it has been remarked before, the tightness coefficient only depends on the degree and order
of the digraph. Below is an example of this fact.
Example 1 Let us consider the tight digraphs Γ1 = Cay(Z72, {4, 11}) ∼= Cay(Z1⊕Z72, {(−1, 4),
(−3, 11)}) and Γ2 = Cay(Z3 ⊕ Z24, {(0, 1), (−1, 3)}). Although Γ1 has a different structure
than Γ2, both digraphs are tight and share order. Thus, from c(2, 72) = 3, both digraphs have
two tight dilations. Table 1 has been found by computer.
The following theorem makes the concept of dilation of a digraph an important tool to be
taken into account.
Theorem 7 Let Γ be a digraph of degree two that attains the maximum solid density ∆2.
Then, Γ is isomorphic to a dilate of Υ2.
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m |mΓ| mΓ L-shape k(mΓ) `(2, |mΓ|)
1 72 Γ1 = Cay(Z72, {4, 11}) L(11, 8, 4, 4) 13 13
Γ2 = Cay(Z3 ⊕ Z24, {(0, 1), (−1, 3)}) L(9, 9, 3, 3)
2 288 2Γ1 = Cay(Z2 ⊕ Z144, {(−1, 4), (−3, 11)}) L(22, 16, 8, 8) 28 28
2Γ2 = Cay(Z6 ⊕ Z48, {(0, 1), (−1, 3)}) L(18, 18, 6, 6)
3 648 3Γ1 = Cay(Z3 ⊕ Z216, {(−1, 4), (−3, 11)}) L(33, 24, 12, 12) 43 43
3Γ2 = Cay(Z9 ⊕ Z72, {(0, 1), (−1, 3)}) L(27, 27, 9, 9)
4 1152 4Γ1 = Cay(Z4 ⊕ Z288, {(−1, 4), (−3, 11)}) L(44, 32, 16, 16) 58 57
4Γ2 = Cay(Z12 ⊕ Z96, {(0, 1), (−1, 3)}) L(36, 36, 12, 12)
Table 1: Three dilations of Γ1 and Γ2 from Example 1
Proof: The degree d = 2 is closed. Let Γ = Cay(G,B) be a digraph of degree two and solid
density δ(Γ) = ∆2. By Theorem 6, Γ is tight of order |Γ| = 3m2. Moreover, G can not be cyclic
form ≥ 2. This fact comes from the characterization of tight Cayley digraphs on finite Abelian
groups of degree two by means of L-shapes, included in [4]. Using this characterization, [4,
Table 2], there is only one related tight L-shape Hm = L(2m, 2m,m,m) = mH2 of area 3m2,
where H2 is the L-shape related to Υ2. From (15), we have D(Hm) = 3m for m ≥ 1 (notice
that Hm fulfills (10) to (14)). Then, using the notation (2) of Section 2, the related matrix is
Mm =
(
2m −m
−m 2m
)
, with Smith normal form decomposition
Sm = diag(m, 3m) = UmMmVm =
(
0 1
1 −1
)
Mm
(
1 2
1 1
)
.
By TDM, we obtain the related digraph Cay(Zm ⊕ Z3m, T ) = mΥ2 ∼= Γ with the proper
generating set T = {(0, 1), (1,−1)} and diameter k(Γ) = D(Hm)− 2 = 3m− 2. 
Contrarily to the case of degree two, less is known about MDDs for degree d ≥ 3. There are
no analog to the geometric characterization conditions (10) to (15). Forcade and Lamoreaux
in 2000 [7] proved that the value ∆′3 = 0.084 is a local maximum of the solid density for
degree d = 3. We comment here some numerical traces that seem to point that ∆′3 would be
the global solid density for degree three.
As far as we know, no known digraph has solid density larger than ∆′3. Assuming that
∆′3 =
21
250 plays the role of ∆3, by Theorem 6 and Remark 4, the first tight digraph attaining
∆′3 would have order n = ∆′3x33 = ∆′32353 = 84. And this is the case. It is well known that
Υ3 = Cay(Z84, {−38,−3, 7}) ∼= Cay(Z1 ⊕ Z1 ⊕ Z84, {(1, 10,−38), (0, 1,−3), (0,−2, 7)})
is the digraph of smaller order that has solid density δ(Υ3) = ∆
′
3. Under the previous
assumption, there would be an analog to Theorem 7 for degree three, stating that digraphs
attaining ∆′3 are dilates of Υ3. This infinite family was given in [2, Proposition 3],
mΥ3 = Cay(Zm ⊕ Zm ⊕ Z84m, {(1, 10,−38), (0, 1,−3), (0,−2, 7)}) (16)
with diameter k(mΥ3) = 10m− 3 for m ≥ 1. No other digraph having this density is known.
When assuming ∆3 = ∆
′
3 = 0.084, we write `
′(3, n) and c′(3, n) instead of `(3, n) and c(3, n),
respectively. Then, we also have `′(3, 84m3) = 10m− 3 and all these digraphs mΥ3 would be
tight.
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Remark 3 and the previous assumption give the following tight upperbound for the order n
of Cayley digraphs on Abelian groups of fixed degree three and diameter k
n ≤ N ′(3, k) =
⌊
21
250
(k + 3)3
⌋
. (17)
According to this bound, tables 8.1 and 8.2 given by Dougherty and Faber in [3] would
give optimal order values for diameters 38 to 43 (these orders are marked there as likely
optimal values). Expression (17) agrees with the maximum order when k ∈ {7, 8, 17, 27, 37}.
These values, except k = 8, correspond to digraphs isomorphic to mΥ3 for m ∈ {1, 2, 3, 4},
respectively. The solid density of these digraphs attain the assumed global maximum ∆′3 =
0.084, except the case k = 8 that has a smaller value δ ≈ 0.83396.
We can consider an instance to test expression c′(3, n) using Theorem 5. To this end, we
proceed as in Example 1.
Figure 2: MDDs H and 2H related to Γ = Cay(Z16, {1, 4, 5}) and 2Γ, respectively
Example 2 Consider
Γ = Cay(Z16, {1, 4, 5}) ∼= Cay(Z1 ⊕ Z1 ⊕ Z16, {(0, 0, 1), (0, 1,−12), (1, 0,−11)}),
where the isomorphism is given by the Smith normal form decomposition
diag(1, 1, 16) = UMV =
 0 0 10 1 0
1 −12 −11
 −1 −1 0−1 0 −4
1 −3 0
 −8 −9 −12−3 −3 −4
2 2 3

of the matrix M . This is the matrix of column vectors defining the tessellation of R3 by the
related MDD H (left hand side of Figure 2). The MDD 2H related to 2Γ is depicted in the
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right hand side of Figure 2. Notice how apparent is the dilation there, where each cube has
been replaced by 2× 2× 2 cubes. These two MDDs have been obtained by computer search.
m |mΓ| mΓ k(mΓ) `′(3, |mΓ|)
1 16 Γ = Cay(Z16, {1, 4, 5}) 3 3
2 128 2Γ = Cay(Z2 ⊕ Z2 ⊕ Z32, B) 9 9
3 432 3Γ = Cay(Z3 ⊕ Z3 ⊕ Z48, B) 15 15
4 1024 4Γ = Cay(Z4 ⊕ Z4 ⊕ Z64, B) 21 21
5 2000 5Γ = Cay(Z5 ⊕ Z5 ⊕ Z80, B) 27 26
Table 2: Four dilations of Γ with proper set B = {(0, 0, 1), (0, 1,−12), (1, 0,−11)}
The digraph Γ of diameter k(Γ) = 3 is tight (according with `′) and c′(3, |Γ|) = 4. Ta-
ble 2 shows several dilates of Γ using the proper generating set B = {(0, 0, 1), (0, 1,−12),
(1, 0,−11)}. It can be verified by computer that κ(3, 16) = 3, κ(3, 128) = 9, κ(3, 432) = 15,
κ(3, 1024) = 21 and κ(3, 2000) = 27.
Figure 3 shows values of κ(3, n)− `′(3, n) against n for 4 ≤ n ≤ 200. The maximum value in
this range is 1.
20 40 60 80 100 120 140 160 180 200
1
Figure 3: κ(3, n)− `′(3, n)
These numerical evidences (and other ones not included here) suggest the following conjecture.
Conjecture 1 The degree d = 3 is closed and ∆3 = ∆
′
3 =
21
250 .
Notice that, under this conjecture, the infinite family of digraphs Γm = mΥ3 of diameter
k(Γm) = 10m− 3, for m ≥ 1, would attain the maximum order N ′(3, 10m− 3) according to
(17).
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